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1 Generalized dressing approach for exKPH

Let L = ∂ + u1∂
−1 + u2∂

−2 + · · · , Bn = Ln
≥0, the KP hierarchy reads[1]

Ltn = [Bn, L].

Recently, inspired by the squared eigenfunction symmetry constraint, we pro-
posed an approach to construct an extended KP hierarchy (exKPH) [2]

∂τk
L = [Bk +

N∑

i=1

qi∂
−1ri, L], N ≥ 0 (1a)

∂tnL = [Bn, L], ∀n 6= k (1b)
∂tnqi = Bn(qi), ∂tnri = −B∗

n(ri), i = 1, . . . , N. (1c)

Under (1b) and (1c), showing the commutativity of (1a) and (1b) leads to
the zero curvature equation for exKPH (1) and its Lax pair

Bn,τk
−Bk,tn + [Bn, Bk]−

N∑

i=1

[qi∂
−1ri, Bn]≥0 = 0 (2a)

qi,tn = Bn(qi), ri,tn = −B∗
n(ri), i = 1, . . . , N. (2b)

Ψtn = Bn(Ψ), Ψτk
= (Bk +

N∑

i=1

qi∂
−1ri)(Ψ). (3)

(2) contains the first and second type of KP equation with self-consistent source.
Assume that L of exKPH can be written in the dressing form: L = W∂W−1

[3]. In this paper, we propose a method to generalize the dressing approach for
the KPH to exKPH.
Proposition 1. Let fi, gi satisfy

∂tnfi = ∂n(fi), ∂τk
fi = ∂k(fi), (4a)

∂tngi = ∂n(gi), ∂τk
gi = ∂k(gi) (i = 1, . . . , N). (4b)
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hi = fi + αi(τk)gi i = 1, . . . , N, (5)

W =
1

Wr(h1, · · · , hN )

∣∣∣∣∣∣∣∣∣

h1 h2 · · · hN 1
h′1 h′2 · · · h′N ∂
...

...
...

...
...

h
(N)
1 h

(N)
2 · · · h

(N)
N ∂N

∣∣∣∣∣∣∣∣∣
(6)

qi = −α̇iW (gi) ri = (−1)N−i Wr(h1, · · · , ĥi, · · · , hN )
Wr(h1, · · · , hN )

, i = 1, . . . , N (7)

then W, L, qi, ri satisfy (1).

2 exmKPH, reduction and gauge transforma-
tion

Inspired by the squared eigenfunction symmetry constraint [4], we propose
Proposition 2. The extended mKP hierarchy (exmKPH) is constructed as
follows

Lτk
= [Bk +

N∑

i=1

qi∂
−1ri∂, L], (8a)

Ltn = [Bn, L], n 6= k, (8b)

qi,tn = Bn(qi), ri,tn = −(∂Bn∂−1)∗(ri), i = 1, · · · , N. (8c)

The tn-reduction of the exmKPH leads to

Lτk
= [Lk/n

≥1 +
N∑

i=1

qi∂
−1ri∂,L] (9a)

λn
i qi = L(qi), λn

i ri = −∂−1L∗∂(ri), i = 1, . . . , N (9b)

where L = Ln = ∂n + Vn−2∂
n−1 + · · ·+ V0∂. The τk reduction leads to

(Lk)tn = [(Lk)n/k
≥1 , Lk], (10a)

qi,tn = Bn(qi), ri,tn = −(∂−1B∗
n∂)(ri) (10b)

where Lk = Lk
≥1 +

∑
i qi∂

−1ri∂, Bn = (Lk)n/k
≥1 .

Proposition 3. Suppose L, qi, ri satisfy (1), f is a solution of Lax pair (3),
then

L̃ := f−1Lf, q̃i := f−1qi, r̃i := −D−1(fri)
satisfies the exmKPH (8).
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