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The main object of the study is Ablowitz-Ladik system

−iq̇n − (1− qnrn)(qn−1 + qn+1) + 2qn = 0
−iṙn + (1− qnrn)(rn−1 + rn+1)− 2rn = 0,

(n ∈ Z, qn(t), rn(t), t ∈ C are unknown sequences) which under condition
rn = ±qn transits to scalar NLS discrete analogue

i∂tAn + (1± |An|2)(An+1 + An−1)− 2An = 0.

There exists a complete set of the S-integrability attributes for this system:
1) zero curvature representation :

−i∂tLn + LnBn −Bn+1Ln = 0, (1)

with certain matrices L, B;
2) Hamiltonian structure, commuting conservation laws;
3) Algebrogeometric, analytical picture, finite-genus solutions in theta-functions.
The goal is to develop averaging procedure over one-phase solutions that

may be written in terms of elliptic functions:

qn = [ζ(z)− ζ(z − U) + c]en(t),

rn = a[ζ(z + b)− ζ(z + b− U) + c]e−1
n (t),

z = Un + itV + w, en(t) = exp(U0n + itV0) with Weierstrass zeta ζ, and study
some solutions to the averaged system.

Theorem. The averaged system is Hamiltonian with respect to certain hy-
drodynamic Poisson bracket.

The Ablowitz-Ladik chain is compatibility condition for the following linear
problem:

Un+1(t, z) = Ln(t, z)Un(t, z)

−i∂tUn(t, z) = Bn(t, z)Un(t, z),

and Un = (u1
n, u2

n)T is unique on Riemann surface Γ(y, z) genus g (g = 0, 1, ...):
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zj , j = 1, 2, ..., 2g + 2 are branch points. On Γ(y, z) one can determine Abelian
differentials:
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The Ablowitz-Ladik chain is reduced to scalar form under condition that set of
branch points is invariant over involution z → z̄−1 (see [1]). In the ”‘focusing”’
case ((rn(t) = −q̄n(t)) all the branch points lie outside of unit circle. In this
case the modulation equation is

∂T ω(3) = ∂Xω(2),

or

∂T zj + c(zj , z)∂Xzj = 0, j = 1, 2, ..., 2g + 2, z = (z1, z2, ..., z2g+2),
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One can express the norming constants P
(2,3)
0 (z, z) via standard complete elliptic

integrals:
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and so on with other formulas. K, E, Π are standard complete elliptic integrals.
Numerical investigation of self-similar solutions to the averaged system allows
to formulate Gurevich-Pitaevsky-type hypotheses on their applicability to de-
veloping asymptotic pictures for solutions to various Cauchy problems for the
initial Ablowitz-Ladik chain.
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