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We discuss the problem of integrable full-discretization of differential-difference
equations (lattices) in 1 + 1 dimensions. The continuous independent variable
to be discretized is regarded as time. The problem of time discretization is,
by its nature, distinct from the problem of space discretization. In fact, the
former problem has its own peculiarities and difficulties that the latter does not
have. This point was uncovered by Ablowitz and Ladik [1] in their attempt
to fully discretize the space-discretized nonlinear Schrödinger (NLS) equation
(so-called Ablowitz–Ladik lattice). It turned out that unexpected nonlocality
emerges in the stage of time discretization; the full-discrete NLS equation in-
volves infinite sums and/or infinite products with respect to the discrete spatial
variable and thus is a global-in-space scheme. The full-discrete NLS equation
can superficially be written in a local form using additional dependent variables
called auxiliary variables, but it does not provide any essential resolution of the
nonlocality problem.

We propose a systematic method for discretizing the time variable in in-
tegrable lattices maintaining locality of the equations [2]. In contrast to the
other known methods [3], our method generally requires no ad hoc treatment
on a case-by-case basis and appears to have no serious limitations in its appli-
cability; it can be applied to possibly all integrable lattices in 1 + 1 dimensions
possessing a Lax-pair representation. In particular, it can be used to obtain
local full-discretizations of the NLS-type lattices, including the Ablowitz–Ladik
lattice. Actually, our method can be considered the completed version of the
Ablowitz–Ladik approach [1]; it both refines and extends their work in an es-
sential way. A decisive breakthrough can be made by using the lowest-order
“conservation laws” derived from the zero-curvature condition. The require-
ment that all the fluxes corresponding to the same conserved density have to
coincide up to a trivial difference results in an “ultralocal” algebraic system
for the auxiliary variables. Thus, by solving this algebraic system, we can re-
store the locality of the equations; that is, the global terms appearing in the
stage of time discretization can be replaced by local expressions in terms of the
original dependent variables. The time-discretized lattices have the same set of
conserved quantities and the same structures of solutions as those of the time-
continuous lattices; only the time evolution of the parameters in the solutions
that correspond to the angle variables is discretized.
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As an example, we consider the time discretization of the (non-reduced)
Ablowitz–Ladik lattice




1
h

(q̃n − qn) + (1− qnrn)Λn+1 (cq̃n+1 − dqn−1)− αqn + βq̃n = 0,

1
h

(r̃n − rn) + (1− qnrn)Λn+1 (dr̃n+1 − crn−1)− βrn + αr̃n = 0,

(1− q̃nr̃n) Λn = (1− qnrn)Λn+1, lim
n→−∞

Λn = 1 or lim
n→+∞

Λn = 1,

(1)

where the tilde denotes the forward shift (m → m + 1) in the discrete time coor-
dinate m ∈ Z, and h is a parameter usually interpreted as the difference interval
of time. The decaying boundary conditions limn→±∞ qn = limn→±∞ rn = 0 are
assumed. It is redundant to impose the conditions limn→±∞ Λn = 1 at both
spatial ends and it is nontrivial (though verifiable) that the redundant condi-
tions are compatible. Thus, the auxiliary variable Λn can be written globally
as

Λn =
n−1∏

j=−∞

1− q̃j r̃j

1− qjrj
or

+∞∏

j=n

1− qjrj

1− q̃j r̃j
.

Our method provides the nontrivial lowest-order “conservation law” (before
taking the logarithm),

(1− q̃nr̃n) fn = (1− qnrn)fn+1,

fn := (1 + hcq̃nrn−1Λn + hα) (1 + hdqn−1r̃nΛn + hβ) + h2cd (1− q̃nr̃n − qn−1rn−1) Λ2
n.

Comparing this with (1− q̃nr̃n) Λn = (1− qnrn)Λn+1 and taking the boundary
conditions into account, we obtain

fn

Λn
=

fn+1

Λn+1
= · · · = (1 + hα)(1 + hβ) + h2cd.

We can easily find the proper solution of this quadratic equation for Λn. Sub-
stituting it into (1), we arrive at a local time discretization of the (non-reduced)
Ablowitz–Ladik lattice. By choosing the parameters appropriately and impos-
ing the reduction of the complex conjugate rn = −q∗n, we obtain

i
δ

(q̃n − qn) +
2

(
1 + |qn|2

)
(q̃n+1 + qn−1)

1 + iδCn +
√

(1 + iδCn)2 − 4δ2Dn

= 0,

with Cn := qnq̃ ∗n+1 − q̃n+1q
∗
n andDn := (1 + |q̃n+1|2)(1 + |qn|2). Here, δ := h/(1 + h2)

is a new parameter satisfying −1/2 ≤ δ ≤ 1/2.
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