Extending Harmonically a Symmetric Map
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Let ¢: St — S! be a given boundary map. Then, a C? map ®: H? — H?
is said to be an extension of ¢ if it is continuous up to the boundary and
it coincides there with ¢. It was conjectured by Schoen in [1] that every
quasi-symmetric homeomorphism of the circle can be extended to a quasi-
conformal harmonic diffeomorphism of the hyperbolic 2-disk into itself, and
that such an extension is unique. The set of symmetric self maps of the unit
circle forms a big class among all the quasi-symmetric ones. The goal of
this paper is to prove that if a quasi-symmetric homeomorphism of the unit
circle is symmetric then it can be harmonically extended to a quasi-conformal
map. This has been conjectured by Zhong Li in [2] to be true. A proof that
this conjecture is valid first appeared in [3] by Markovic using the theory of
Theichmiiller spaces and bounded holomorphic differentials. In this paper

the same result is established with a proof applying the compact exhaustion
and PDE methods.
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